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INTRODUCTION 
Korovkin’s well-known theorem asserts that the set of the three functions 
tii(t) = t’, i = 0, 1,2, is a test set for the convergence to identity of sequences 
(LA, WI of positive linear operators on %?(a, 6), endowed with the 
supremum norm. There is no need to make a special hypothesis on the 
norms of the operators since the property lim, _ o. (1 L, )I m = 1 is a conse- 
quence of the convergence of L,q& to &,. 
On the contrary, the uniform boundedness of a sequence of positive 
linear operators L, is required in order to have {di, i = 0, 1,2) as a test set 
for the convergence to identity of L, on LP(a, b), 1 bp < co. It is not a 
consequence of the convergence for the functions di, i = 0, 1,2 (cf. Exam- 
ple 2), and it is necessary according to the uniform boundedness theorem. 
The contracting case, on LP(a, b), was solved by H. Berens and 
R. A. DeVore [ 11. They showed that the functions do and d1 form a test set 
for the convergence to identity of positive linear contractions on LP(a, b) 
(simultaneously with other authors), and they gave estimates of the order 
of approximation. 
In the first part a Korovkin-type property is studied for the self-adjoint 
operators on LP(a, 6): these verify, for f and g in LP(a, b): 
s” U-(x) g(x) dx = Jbf(X) Lg(x) dx. 
(I a 
The integral operators with symmetrical kernel, convolution operators 
with positive, even functions, for example, are of this type. 
We show that a sequence of self-adjoint positive linear operators 
converges to identity on LP(a, b), p 2 1, if and only if it converges for qSO 
and b1 and the operators are uniformly bounded. Quantitative results in 
terms of the first modulus of smoothness and the orders of approximation 
for the functions &, and d1 are given. 
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In the general case, for operators which are not necessarly self-adjoint, 
{ &, 4, } is no longer a test set. On LP( - 1, 1 ), let L be defined by 
Lf(t)=jli2 f(x+t)dx, if ItI <+ 
-l/2 
and 
Lf(t) =f(t), if 1 t 1 > +. 
The constant sequence L, = L preserves & and #i and, of course, does 
not converge on Lp( - 1, l), p > 1. 
In the second part, we give estimates of the order of approximation by 
a sequence of positive, linear, uniformly bounded, operators L, in terms of 
the orders of approximation for &,, #i, ti2, and the first modulus of 
smoothness of f; so we verify that {d,, dl, 4,} is a test set for the 
convergence to identity of such positive operators (cf. M. W. Muller [S]). 
I. SELF-ADJOINT OPERATORS 
Let (LA E N be a sequence of positive linear operators that are self- 
adjoint. Let 
‘n,p,i = “P II Ln4ji- 4j (I LP(,, b), i=o, 1, 2. 
j<i 
THEOREM 1. 1 < p < co. For every f E W’*P(a, 6) space of absolutely 
continuous functions such as f' E LP(a, b), we have 
II~"f-flIp~~p~~~,p,,oIf III+ II f’ll,)+q1.1 II f’ll,) 
with up = 112 ifp < 2 and up = lfp ifp > 2. 
THEOREM 1’. 1 < p c CO. If, moreover, the sequence L, is uniformly 
bounded on LP(a, b), for every f E LP(a, b), we have 
II L"f -f Ilp G ~pKp,o II f II 1+ w,(f, ~n,p,o + q,, 1119 
o,(f, t) being the first modulus of smoothness off defined by 
VP 
If@+ u)-f(x)lP dx 
> 
, 
where Z,,={x(x~(a,b),x+u~(a, b)), A, and BP being constants inde- 
pendent off and n. 
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Note. In the above theorems the equality holds for the constants. 
Examples in part III will be given in order to show that, in some sense, 
these estimates are the best possible. 
If II LAl II co is bounded in n, we have Iz,,P,O < Cte Aii’;,O, so the order of 
approximation in Theorem 1’ is w,(f, AZ,, , ). 
We show first that the general problem can be reduced to this case. We 
introduce, for n E N, the set E, = {x 1 x E (a, b), 1 L,+,(x) - &(x)1 2 l} and 
Ez is the complementary set of E, in (a, b). 
LEMMA 1.1. 1 <p < co. For every fE W’,P(a, b), we have 
II 1&nf-f)II, G 3(ll f’II1+ (b-a)-’ II f II 1) &ho, 
where 1, is the indicator function of the set X. 
Proof Let p(E,) be the Lebesgue measure of E, . We have 
14Wj I~,~,~~~-~o~~~lp~~dII~,~o-~oII~=~~,p,o. 
E” 
On the other hand, for every f E l@‘(a, b), the inequality 
I/f )I m < (b-a)-’ II f 11, + II f’ II 1 holds; it is a consequence of If (x)1 < 
If(t)I + lIf’IIl> f or every (x, t) E (a, b)*. Then, we write 
II lE”(Lf-f)llpG Ilf II00 (II Wn~oIl,+ II WOII,) 
G Ilf Ilm w,hF~,II,+2 II 1E”4011P) 
G 3AI,,,0 II f II 02. 
To study II l&,f -f IlIp we introduce the function J(u, x) defined on 
(a, b)* by 
J(u, x) = 1 if u<x and J(u, x) = 0 if 24 > x. 
We write for every f E l@‘(a, b) and (x, t) E (a, b)*: 
If(x)-f(t)l= jbf’(W(~,x)-W))d~~. 
lz 
Then, we introduce a positive real number h, to be chosen later, in order 
to part the above interval of integration. We set LL(f (t), x) instead of 
L, f (x), to indicate that t is the variable for f and we get results about 
II l,;(x) Uf (x) -f(t), XIII, 
in the following lemmas. 
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LEMMA 1.2. Iff E W’T~(U, b), we have 
ProoJ For every (x, t) E (a, 6)*, we use Halder inequality to get 
P 
{ullx-Id <h}b) du 
wdp-ljb If’(uNP l(u,,x-u,<h)(w~ 
a 
and we take L, of the integral of the left-hand side, considered as a 
function of t, at the point x. 
As L, is positive and L,&,(x) < 2 if x E E’,, the quantity to bound is less 
than 
UP 
2(2/I)‘-“P 
0 J 
ab ab I f’(U)IP 1 {u,,x-u,<h}wd~dx ’ 
) 
LEMMA 1.3. If f E W’*P(a, b), the quantities 
(b-a)2-P Ijxf'(u)dzjp if pa2 
f 
and 
h2-p jxf'(4 l(u,,x-u,>,&W~ ' if pG2 
I 
are bounded by 
s b I f’(u)lP (x- t)(J(u, x)-J(u, t)) du. a 
Proof: With the help of Hiilder inequality we get 
ifpa2: ~j;fY4djp <Ix-tl(b-a)P-2 j-lf’(u)l”du 1 , 1 
and 
ifpG2: 
P 
{u1,--u1>&4 du 
< 1 ?I*-” Ix- tip-’ 1 j’ 1 f’(u)/PdUl. 
I 
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Then we write 
xlf’(u)l”Ix-tld14 =j;If’(u)i”(X-t)(J(u,x)-J(u,t))du. 
LEMMA 1.4. Iffy @“(a, b), we have 
b 
j (I 
G bIf’(~)~p(~-t)(J(~,~)-J(~,t))du,x dx 
a a > 
~4&,1,, llf’ll;. 
Proof We expand the quantity that is under the integral sign and we 
take L, of this function of t. Then we use the linearity and the self adjoint- 
ness of L,: 
b If’(u)lP (x-t)(J(u, x)-J(u, t))du, x dx 
=2 j” If’(u)lP jb4 u, x) L;(x - t, x) dx du 
* (I 
G2 llf’ll; j” I-W-t,x)l dx a 
LEMMA 1.5. Zf f E W1~P(a, b), we haoe 
II L:(X) L3f (x) -f(t), x)ll, G c, II f’ Ilp q,,,, 
with a, = l/2 if p < 2 and a, = l/p lfp > 2. 
Proof: If pa2 and XEE~, we use Hiilder inequality for the positive 
linear operators and Lemma 1.3: 
IUf(x)-f(t), x)lpG@-a)p-2 L4,(x))p-1 
XL:, 1 f’(u)lP (x- t)(J(u, x)-J(u, t)) du, x 
> 
. 
Then, with the help of Lemma 1.4, we write 
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If p < 2, the same argument is used to write 
~~l,:(x)L:(~~f’(u)l~~,,.-ul>h)(U)~~~x)~~p 
<2’+“Ph’-2’J’ 11 f’llpl;5,1. 
Then we use Lemma 1.2 to get 
II l& LBf (x) -f(t), x)11, 
<4h II f’&,+21+1’Ph’-2’P II f’llp)Z;~,, 
and we choose h = A!,!:, 1. 
Proof of Theorem 1. For x E Ez we write the equality 
Lnf (x) -f (x) = L:(f (t) -f (x)7 x) +f (x)(LnMx) - do(x)) 
and we get the inequality 
II Lnf -f Ilp G II l,(L”f -f NIP + II 1E$X) LXf (t) -f(x), x)II, 
+ II f II 00 II L4, - 40 Ilp. 
Then Lemmas 1.1 and 1.5 give us: 
IILf-f IIp~401f’IIl+@-w Ilf lll)~n,p,O+Cp IIf’llpq,,J. 
Proof of Theorem 1’. Now we suppose that the sequence (L,) is 
uniformly bounded on LP(a, b) and we set M= supn II L, lip. 
We use the Peetre X-functional defined for f E LP(a, b) and r E (a, b) by 
%(Gf) = inf 
g E W’.J’(a, b) 
(llf-gII,+t II g’llp). 
It verities Xp(t, f) < Cte w,(f, t) and the constant depends only on (a, b). 
Let f E LP(a, b) and g E W’vP(u, b). We have 
IlLf-f II,<(M+ Ullf-gIl,+ IILg-gll,. 
We use Theorem 1 to bound (1 L, g-g lip and we get 
II L”f -f Ilp G (M+ 1 + -$Jn,,,o@ - a)‘- l’p)II g-f Ilp + ~p~n,p,O IIf II 1 
+ ((b-a)‘- 1/P ~p~n,p,O+~p~~l,l)II g’ll,. 
This inequality is true for every g E W’J’(u, b), so we have 
IILf -f lb G Wk,p,O II f II 1 + ~pbL,p,o + ~~,,, ,f )). 
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Remark. H. Berens and R. A. DeVore in [l] gave the following 
estimate for a sequence (L,) of positive linear constractions and 
fE LP(a, b), 
where qp(f) is the second modulus of smoothness. 
The moduli of smoothness of orders one and two are related: 
wi,,(f, t2) < Cte ~~,~(f, t) (cf. H. Johnen [5] or G. G. Lorentz [6]). 
And for some functions as log t, ta ( - 1 < tl < 0), we have 
qp(f, t) rTo %P(f, t)- 
Hence, for sequences of self-adjoint positive linear contractions, the 
estimate of Theorem 1’ is better for p > 2. Moreover, I,,,, , is, in general, of 
the same order as n$i (Example 5). 
II. GENERAL POSITIVE LINEAR OPERATORS 
Let (LA, N be a sequence of positive linear operators on LP(a, b), 
l<p<co. 
THEOREM 2. For every f E W1-P(a, b), we have 
II Lf -f Ilp 6 ~;(kz,p,o(II f II 1+ II f' II 1) + q1,z II f' II,) 
with BP = l/3 ifp < 3 and fip = l/p ifp 2 3. 
THEOREM 2’. Zf, moreover, the sequence (L,) is uniformly bounded on 
LP(u, b), we have for every f e LP(u, b): 
II Lf -f Ilp G ~&L,,,o II f II 1 + w,(f, 4z,p,0 + ~~,,J). 
We use the same methods as in the proof of Theorems 1 and 1’ with the 
help of Lemma 1.1 and the following lemma. 
LEMMA 2.1. Zffe W1vP(u, b), we have 
II L:(X) G(f(x) -f(t), x)llpG c;xiq, 2 II f’Ilp. 
with BP = l/p ifp 2 3 and p, = l/3 ifp G 3. 
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Proof With the help of Holder inequality for the integrals, we write for 
f~ W1,P(a, b) and (x,t) E (a, b)2: 
If(x)-f(t)l”< Ilf’ll~ Ix--t12 (b-a)P-3 if p>3 
and 
x-t 3-P 
af’llp, --jy- 
I I 
Ix- tip-1 if p<3. 
Now, we use Holder inequality for the linear positive operator L,. The 
quantities 
(b - a)’ -p jEc I W-(t) -f(x), x)lp dx if ~23 
n 
and 
)I 
P 
Iu,,x-u,s&4 du, x dx if p<3 
are bounded by (1 f’ (( “, (( 1 E;L,$, (( “,- ’ 1: Li((x - t)2, x) dx. 
Furthermore, we have 
f 
b 
L;( (x - t)*, x) dx 
a 
= I b (x2&h,(x) - h(x)) - WL,d,(x) - #I(x)) + L4,b)- h(x)) dx a 
6 4&, 1,2. 
So, the result is proven if p 2 3. 
In the case p < 3, we use Lemma 1.2 to bound 
II 1&) w-@)-f(t), x)ll,G4h IIf’llp+h’-3’p2’+“P~~~,2 llf’Ilp. 
We choose h = A.$, and the result follows. 
III. EXAMPLES 
In the following examples, we construct, first, operators for which it is 
impossible to improve the estimates of Theorems 1, l’, 2, and 2’. The other 
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examples are the Landau operator and some operators of Bernstein type; 
the estimates are also pretty good for them. 
EXAMPLE 1. On Lp( - 1, l), p> 1, we define the sequence of positive 
linear operators L, : 
(1+2/n)f(X)+(1/2)J,~,iIl~f(u)d~ if Ixl>l/n 
Lf(x) = 2 
(l/2) J;., > ,,nfW du if 1x1 < l/n. 
These operators are uniformly bounded on Lp( - 1, 1 ), p 2 1, 
On the spaces Lp( - 1, l), p > 2 (respectively p 2 3), the order of 
approximation given by Theorems 1 and 1’ (respectively 2 and 2’) is 
achieved for the function &. 
EXAMPLE 2. On LP( - 1, l), p > 1, we define 
‘; tnaJ2) J,., < l,nf(U) d” if 1 x I c l/n Lf(x) = f(x) if 1x1 > l/n, 
where (a,) is a sequence of positive real numbers. The operator L, is linear 
positive, self-adjoint and 
II G Ilp = suP(% 1 )Y 
(a) For a,, = 1, the sequence L, preserves the constants. The orders of 
approximation given by Theorems 1 and 1’ are achieved if p < 2, for the 
function f(t) = I t I -‘14. Indeed op(f, t) N I _ ,, t”P- ‘I4 and we verify that 
II &f-f II,2Cten1/4-1’P~~P(f) A$,), 
since L, f (x) = (4/3) nli4, if 1 x 1 < l/n, and 
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(b) For a, = n’jq, q > 0, the sequence L, converges for &, in Lp( - 1, l), 
p < q, and for 4 i and C& in L’( - 1, 1). So it does converge on W1,p( - 1, 1) 
if p < q (Theorems 1 or 2), but it does not converge on L’( - 1, 1) since it 
is not uniformly bounded on L’( - 1, 1). 
EXAMPLE 3. On LP( - 1, l), p 2 1, we set 
i 
(n/2)i;~,<~,~.f(x+U)d~ if Jxl<l/n 
Lf(x) = 
f(x) if 1x1 > l/n. 
We have L,,& = qA,, L,d, = bl, and II L, (Ip < 2, A,,,,,; = 2/3n3. 
For this sequence L,, the orders of approximation given in Theorems 2 
and 2’ are achieved, if p < 3, for the function f(t) = 1 t I- ‘14. Indeed, we 
verify that 
II Lf-f ll,>Cte n'i4-'iP N o,(f, A$J, 
since 
L.f,,,=ij?((~+X)'"+(~-*)bl), if lxl<~, 
and 
Examples 1 and 3 are adapted from examples of [ 1,2]. 
EXAMPLE 4. The sequence of Bernstein-type operators studied in [3] is 
defined on L’(0, 1) by 
where pnk(x) = (n!/k!(n - k)!) x”( 1 - x)~-~. 
We have Lh = do, II Lh - 41 II I N l/n. In the case p < 2, we get from 
Theorem 1’ the inequality: 
IIL,f-f lI,<Cteo, ,1 , 
( > & 
Vf E LP(0, 1). 
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It is also true iff is continuous on [0, l] and p = co. By interpolation this 
inequality also holds if p > 2. 
EXAMPLE 5. Here, we study an example of Korovkin operators defined 
by even functions: Landau operators. They are defined on L’(0, 1) by 
L,f(x)=p_LJ1 (l-(t-x)‘)nf(t)dt, where pn = 
0 s 
l (1 -?)“A 
--I 
They are contractions on Lp(O, l), 1 <p < co, they converge uniformly to 
identity on [S, l-S], 0 < 6 < 4, but not on [0, 11. They converge on 
Lp(O, l), pb 1 (cf. R. G. Mamedov [7] or B. Wood [9]). We get an 
estimate of the order .of approximation that cannot be improved if p > 2. 
We verify that 
Indeed we have 
and 
f(n+ l)r(1/2) 7c 
‘,,= &+3/2) .=, ii‘ J 
Since II L,d, II m < 1, at once we get A.n,p,O < Cte A$o. On the other hand 
IlP 
A 
>p;l (1 -u2)fldu-jX(1 -u*)“du 
0 
Hence An,p,O N n - 1/2p. 
Now, we write, for every x E (0, 1): 
L”&(X) - h(x) 
=[2(n+l)pnlP1 [(1-x’)“+‘-(1-(1-X)‘)~+1] 
+ -wnio(x) - io(x)). 
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It follows that 
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and 
so I n,p, 1 - n - l12p. 
The estimate of Theorem 1’ is, if SE LP(a, b), 
IILf-f llp=3p(~-1’2p IIfIIp+~,LL~-1’4)) if p< 2, 
d B,( n - li2p II flip f w,(f, n-1’2p)) if ~22. 
The equality holds in the case p > 2 for f = 4,. 
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